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Introduction

T HE interaction of a helicopter rotor with one or more of its
own shed tip vortices is a common aeroacoustic phenomenon

of considerable interest. These interactions, known as blade- vortex
interactions (BVI), can be responsible for much of the vibratory
airloading on a rotorblade. Many different BVI geometries are pos-
sible; however, parallel BVI, which occurs when the rotorblade and
impinging vortex are very close and nearly parallel, is of particular
interest because it has been experimentally shown to be a major
source of rotorcraft noise. *

A large number of aerodynamic and acoustic calculations have
been made, which embody a wide range of BVI models. The
BVI model typically consists of an aerodynamic analysis coupled
with an acoustic prediction scheme, as a postprocess.2 The aero-
dynamic analyses can vary in complexity from an idealized, two-
dimensional, incompressible, inviscid flow model, to fully three-
dimensional, viscous, compressible, computational fluid dynamics
(CFD) techniques.3 The acoustic prediction methods used in BVI
calculations are usually of two types: acoustic analogy methods4"6

and Kirchhoff methods.7"9 Therefore, to calculate the acoustic field
radiated by a BVI, the aerodynamic model must be coupled with the
acoustic model in a consistent fashion. The combined aeroacous-
tic methodology can become numerically cumbersome because of
the calculations needed to solve both the aerodynamic and acoustic
problems. Taken together these calculations can require an inor-
dinate amount of computer time, especially when considering the
higher acoustic frequencies, which are required to fully resolve the
radiated acoustic field of a BVI.

The present research involves an innovative method for calculat-
ing two-dimensional BVI. The methodology involves the applica-
tion of a newly developed aeroacoustic boundary element method,
which uses analytical/numerical matching (ANM), in conjunction
with a novel vortex method, turbulent core model (TCM) vortex
dynamics. ANM is a hybrid scheme combining a low-resolution
global numerical solution with high-resolution local solutions to
form a composite solution. ANM provides high-resolution calcu-
lations from low-resolution numerics with analytical corrections,
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while avoiding the subtlety involving singular integral equations
and their numerical implementation. TCM vortex dynamics is based
on the fundamental integral conservation laws of the aerodynamic
flowfield and offers a fully self-consistent real flow vortex model,
which has no empirical free parameters. Together, these models
offer a fresh point of view on BVI modeling, in the framework of a
fully consistent and unified aeroacoustic theory.

For the purposes of illustration, this Note presents results for
an idealized BVI calculation. The far-field acoustic radiation from
a flat plate airfoil encountering a periodic row of TCM vortices
is presented. It is expected that with further development of the
methodology, future calculations will include more complex and
realistic configurations.

Vortex Model
The present calculation makes use of a new vortex model, which

calculates viscous vortex structure from prescribed loading param-
eters on a vortex generating aerodynamic body. This is a general
method, which applies to both independently generated vortices,
such as would result from a fixed wing or a wind-tunnel vortex gen-
erator, and self-generated vortices, which would be trailed from a
lifting rotor blade. The model does not make use of curve fits or em-
pirically determined laws but instead relies on a set of fundamental
conservation laws and basic aerodynamic principles.

The theoretical basis for the present vortex model lies with the
Betz10 method for vortex sheet rollup. Betz established the following
unique set of global integral invariants for an unbounded, inviscid,
two-dimensional vorticity distribution: circulation, centroid of vor-
ticity, and second moment of vorticity about the centroid. These
integrated quantities are invariant with time and can be expressed
in differential form and applied to an initially flat sheet of vorticity.
This sheet will roll up on a station-by-station basis into an axisym-
metric trailing vortex.

Until recently, rollup models based on the Betz10 method suf-
fered from the shortcoming of singular velocities in the center, or
core region, of the predicted vortex. These singularities result from
two factors: singular vorticity at the outboard edge of the initial
vortex sheet for most cases of interest and the assumption that the
rollup process is completely inviscid. However, experimental vor-
tex studies suggest that viscous effects are important only locally in
the vortex core region and the Betz assumption of inviscid flow is
reasonable outside the core.11

The present model establishes the length scale in the core region,
generally termed the core radius, over which viscous effects are
important. It also provides a set of conservation laws, which produce
bounded, experimentally consistent velocity distributions free of
Betz type singularities, using a well-established vortex turbulent
mixing theory.12 The details of this new vortex model may be found
in Ref. 12, and the essentials are outlined subsequently.

Previous work has demonstrated that three-dimensional, inviscid
vortex sheet rollup conserves three quantities at every intermediate
stage of rollup: mass flux, axial flux of angular momentum, and axial
momentum flux through the use of Bernoulli's equation.13 The first
two quantities are directly related to the original integral invariants
established by Betz. In the core region, viscous effects will alter
the vortex spiral structure by means of turbulent mixing. Theoret-
ical and experimental vortex studies have conclusively shown that
turbulent mixing will produce a laminarescent, or well-organized,
axisymmetric vortex core of solid body rotation, surrounded by a
transition region where circulation is proportional to the logarithm
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of radius. This two-region core is surrounded by an inviscid spiral
structure consistent with that predicted by modified Betz theory.

Within the turbulent core region, the set of conservation relations
just listed is applied on an integral basis rather than a differential ba-
sis. Quantities are conserved between the initial flat sheet of vorticity
and a downstream trailing vortex, which has core velocity profiles
with prescribed functional forms consistent with turbulent mixing.
The solution profiles have free constants, which are uniquely de-
termined as a function of prescribed upstream conditions. Viscous
effects are handled implicitly by the particular functional forms cho-
sen, and so viscosity and Reynolds stress do not appear anywhere
in the formulation. This procedure bears a similarity to the von
Karman-Pohlhausen method for boundary layers.

This new approach to vortex rollup modeling calculates steady-
state vortex properties directly from a prescribed circulation distri-
bution. Vortex solutions contain no free parameters, eliminating the
need to arbitrarily assign a core size or circulation to the vortex.
The method is robust and has been shown to compare well with
experiment.13

Aeroacoustic Model
In the present analysis, the periodic nature of BVI is modeled by a

flat plate moving at constant velocity through a fixed infinite row of
TCM vortices. An exact solution exists for the upwash due to an infi-
nite row of potential vortices.14 Because TCM vortices return to the
potential result outside the inviscid spiral region, it is possible to cal-
culate the upwash due to an infinite row of TCM vortices by locally
removing the upwash due to a single potential vortex and adding
in the upwash due to a single TCM vortex. This local correction is
only made for the vortex in the immediate vicinity of the flat plate.

Once the upwash due to an infinite row of TCM vortices is cal-
culated, this upwash field is decomposed into a Fourier sine series,
so that aeroacoustic calculations are necessary only for purely har-
monic upwash inputs. The frequencies in the sine series are a func-
tion of vortex spacing alone, and the problem is linear. Thus, the
acoustic radiation due to a series of modes with unit input amplitude
can be calculated once. Modal coefficients can be calculated for any
input vortex structure or strength, and the resulting acoustic pres-
sures due to a particular case are calculated as a postprocess by sum-
ming up the necessary modes with the proper weighting coefficients.

In general, the governing equation of linear, compressible, un-
steady potential flow can be written15'16

ul\^ . ̂  + ̂ _ 2^^-- — ̂  = o m2 2 2

where UQQ is the freestream velocity, a^ is the speed of sound, t
is time, and <p is the velocity potential. Recognizing that the solu-
tion to Eq. (1) can be written in terms of a jump in potential A<p on
the boundary S (Refs. 15, 17-21), assuming a harmonic time depen-
dence, and denoting the representative source and doublet strengths,
respectively, as <r and JJL, the solution can be written as

(2)R R

where <p = (pel(t)t and r = D/a^, and the time factor is suppressed.
Evaluating Eq. (2) on the surface S produces an integral equation

for (p. Therefore, when considering an arbitrary lifting surface in
an infinite medium, we take S to be the surface of the body and
the wake. The boundary conditions can be specified as a Neumann
problem, a Dirichlet problem, or some combination of the two. Here,
a Neumann boundary condition is assumed. This simply requires
taking the normal derivative of Eq. (2), thereby recasting the problem
in terms of the known normal wash specified on the surface 5 and
the unknowns a and //.

The ANM smoothed global solution is constructed by an over-
lapping distribution of smoothed doublet solutions to Eq. (1). A
smoothed doublet is analogous to the familiar singular doublet so-
lution for compressible unsteady flow, except there is a smooth
spatial distribution of doublet strength density.22"24 Smoothed dou-
blets are nonsingular everywhere, and away from the smoothing re-
gion, they have the same behavior as an equivalent singular doublet

with the same aggregate strength. The smooth doublet is denoted
by R —> Rs, where this transformation can be simply applied to
Eq. (2). Overlapping discrete smoothed doublets have been shown
to approximate a continuous distribution accurately.22"24 Distribut-
ing overlapping smoothed doublets over an aerodynamic surface and
its associated wake is an efficient way to calculate a low-resolution
smoothed global solution. However, this global solution must be
corrected by the addition of local solutions to recover the correct
answer to the original problem.

The ANM local solution22"26 is the difference between a high-
resolution local solution based on singular doublets and a corre-
sponding smoothed local solution, called the matching solution,
based on smoothed doublets. The difference between these solu-
tions cancels far away, because they have the same far-field behavior.
Therefore, the far-field shape and behavior is unimportant, allowing
very simple solution forms to be used. Appropriate high-resolution
local solutions on surfaces and near edges can be found by sep-
aration of variables, perturbation methods, or by direct integration
over singular doublet distributions of infinite or semi-infinite extent.
Matching solutions can found by integration over corresponding
smoothed doublet distributions, or by a special variable separation
technique combined with an equivalent singularity displacement
method called the split sheet analogy.22'24

The composite solution is formed from the low-resolution global
solution, plus the high-resolution local solution C in Eq. (3), minus
the low-resolution local matching solution M. As Eq. (3) indicates,
the local solutions scale with doublet strength, as does the global
solution,

i r { a2
 e-i(or

= ~r~ / \^-^-i-^4n Js [ dn2 Rx
(3)

At a point of evaluation on the surface, the global solution pro-
vides the correct far-field contribution, but its near-field contribution
is smoothed. Furthermore, the high-resolution local solution and the
matching solution cancel in the far field, leaving the global contribu-
tion. Therefore, taken together, the local solutions are nonradiating.
When done properly, the final answer is independent of the degree of
smoothing over a wide range of smoothing length scale values. This
independence demonstrates that a region of solution overlap has
been achieved. Further details about the derivation, and functional
form of the local and matching solutions are given in Refs. 22-26.

Numerical Results and Discussion
Figure 1 shows a schematic diagram of the model BVI calculation

for a flat plate passing through an infinite row of two-dimensional
TCM vortices. The plate passes through the center of the vortices.
The vortex centers are separated in space by 5 chord lengths, and the
flat plate is traveling at M = 0.5, where M = U^/a^, relative to
the acoustic observer in a fixed frame of reference. The observation
point is chosen to be 20 chord lengths above the row of vortices.
In time, the plate approaches the observation point, passes directly
beneath it, and then travels away.

The relevant length scales in the problem are the spacing be-
tween vortices L, the chord of the plate C = 2b, the vertical miss
distance H between the plate and the vortex center, the vortex core
radius rc, the circulation of the vortices F, the plate velocity UQQ,
the speed of sound a^, the fluid density p, and the time r. These
nine parameters can be appropriately reduced to six nondimensional
groups. For the present calculation, the nondimensionalized acous-
tic perturbation pressure was calculated at the observer as a func-
tion of nondimensionalized time r. The pressure is normalized by
pa^ (F/27T C), which represents the ratio of the pressure to the char-
acteristic acoustic impedance multiplied by a characteristic velocity.
The time is normalized by the semichord b and the plate velocity
UOQ. This is the ratio of time to the characteristic convective time
for an acoustic wave.

Figure 2a shows the results of the fully converged calculation
using 75 acoustics modes. At r — 0, the plate is in front of the
observation point. The plate passes through three vortices while ap-
proaching the observation point, and then at r = 25 the plate is
below the observation point. The calculation shows the characteris-
tic BVI signature with the impulsive pressure variation as a function
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Fig. 1 Schematic representation of the two-dimensional flat plate BVI calculation, modeled with the ANM boundary element method and TCM
vortices.
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Fig. 2 Acoustic pressure calculation for a two-dimensional flat plate
BVI with a row of TCM vortices; L/C = 5, HIC = 0, rcIC = 0.025, and
M = 0.50.

of time. Each sharp impulse represents the interaction of the plate
and an impinging vortex. The peak of each pressure impulse in-
creases as the relative location between the plate/vortex interaction
and the observation point becomes smaller. Note that this is a two-
dimensional calculation done with both a two-dimensional aero-
dynamic and acoustic model. Despite the idealized nature of the
calculation, some physical trends of the aeroacoustic phenomena
can be recognized. The effects of the circulation and plate chord
can be easily seen from the results. If the circulation of the im-
pinging vortices is increased, the radiated acoustic pressure will in-
crease as well. This is expected because the impinging vortices act
as the unsteady forcing to the aeroacoustic system. Similarly, if the
characteristic acoustic impedance is increased, the radiated acoustic
response will also increase. If the chord of the plate increases, the
radiated acoustics will decrease, as the net acoustic source strength,
which remains constant, is spread over a larger surface allowing for
greater wave interaction and cancellation. It is interesting to consider
the radiation from only modes 6-75, which effectively is a high-
pass-filtered signal, shown in Fig. 2b. The figure clearly shows the
impulsive nature of the interaction and the short time over which it
occurs relative to the characteristic convective time scale in the flow.

-40
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Miss Distance, H/C

Fig. 3 Peak radiated acoustic pressure at observation point as a func-
tion of miss distance for a two-dimensional flat plate BVI with a row of
TCM vortices; L/C = 5, rc/C = 0.025, M = 0.5, and modes 1-75.

Figure 3 shows a parametric study of the effect of the nondimen-
sionalized miss distance parameter H/C on the peak acoustic pres-
sure measured at the observation point. The peak acoustic pressure
is written in terms of decibels relative to the H/ C = 0 interaction
and plotted as a function of miss distance parameter. As the miss dis-
tance increases, the peak radiated acoustic pressure falls off rapidly.
For example, Fig. 3 shows that a change in miss distance of 10%
of the chord, which is roughly the thickness of a real wing section,
corresponds to 6.8-dB fall in peak acoustic pressure in the field.
This is approximately a fourfold decrease in the predicted peak pre-
ssure.

The implication of this result is far reaching. In fact, it means
that for any BVI computer simulation, CFD or otherwise, the miss
distance must be calculated accurately or the radiated acoustics will
be rendered very inaccurately. In many problems of practical inter-
est, the viscous core radius of the impinging vortex is on the order
of the airfoil thickness. This calculation demonstrates that errors
in the predicted core location or size will have a significant impact
on the validity of acoustic predictions. Therefore, as Fig. 3 shows,
the radiated acoustics from a BVI calculation are very sensitive to
the miss distance H, and it follows that the smallest length scales
in the problem are important, even those on the order of the airfoil
thickness. This stresses the need for very accurate fluid modeling in
order to achieve the desired accuracy.

Conclusion
A boundary element method based on smoothed fundamental

solutions to the convective wave equation has been applied success-
fully to an idealized problem that models a two-dimensional BVI. A
flat plate airfoil is passed through an infinite row of vortices with vis-
cous cores, and the radiated acoustic pressure is calculated at a fixed
location in the far field. This formulation is similar to the periodic
encounter of a rotor blade with an independently generated vortex.

The aeroacoustic method used to solve this problem is based on
ANM, which offers a fresh point of view on classical lifting surface
theory by solving the problem by a fundamentally different means.
The ANM approach not only offers a unified aeroacoustic method
for lifting surface aerodynamics and acoustics but is also free from



912 AIAA JOURNAL, VOL. 35, NO. 5: TECHNICAL NOTES

many of the problems traditionally associated with the numerical so-
lution of singular integral equations. The ANM boundary element
formulation leads to accurate solutions and rapid numerical conver-
gence and is free from the ambiguity present in many traditional
singularity methods.

The input gust field in this problem is composed of an infinite row
of vortices with viscous central cores. Each component vortex in the
row is based on a new analytical model, which calculates trailing
vortex structure based on prescribed blade loading distribution and
strength. In this model problem, vortex properties are calculated for
an assumed elliptic lift distribution with net lift coefficient of unity.
There are no free parameters, such as core size, in this vortex model.
All vortex properties are determined uniquely as a result of the
assumed generating lift distribution. Thus, the present vortex model
is applicable to both independently generated and self-generated
vortices in the study of BVI.

Calculations for the radiated acoustic pressure are given, which
exhibit the behavior expected from a two-dimensional BVI, and
the effect of varying the vortex miss distance on the peak radiated
acoustic pressure is investigated.
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Introduction

L ARGE-SCALE structures in the mixing region of jets are
known to be dominant sound producers in forced jets.1'2 These

structures can be modeled as instability waves, initially growing,
then saturating and decaying. Thus one can refer to them as wave
packets. This kind of model was used to determine the magnitude
of the radiated sound.3 It was also used to explain the appearance
of superdirectivity in the sound field of low subsonic jets,4 as had
been found experimentally.2 When it comes to simulating the sound
generated by a large-scale structure, one problem is that one is con-
fined to the use of a finite-size computational box (see Fig. 1). In
this study it is assumed that the large-scale structure of the shear
layer has been successfully simulated inside the finite box. Then the
question is whether the box is long enough in the longitudinal direc-
tion to include a sufficient portion of the acoustic source to get an
accurate description of the sound field. The answer depends partly
on the quality of the boundary conditions applied on the box sides.
However, we assume that the boundary conditions are so accurate
that no distortion is created in the sound field due to them. Thus this
study gives the minimum required computational length scale that is
determined only by the physical mechanism of the sound generation.

Only two attempts to use a wave-packet model to determine the
required computational box are reported in the literature. The first,
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